Abstract. We study the fundamental lattice solitons of the discrete nonlinear Schrödinger (DNLS) equation and their stability via a variational method. Using a Gaussian ansatz and comparing the results with numerical computations, we report a novel observation of false instabilities. Comparing with established results and using Vakhitov-Kolokolov criterion, we deduce that the instabilities are due to the ansatz. In the context of using the same type of ansatzs, we provide a remedy by employing multiple Gaussian functions. The results show that the higher the number of Gaussian function used, the better the solution approximation.
Introduction
One of the well-known mathematical models that describes many important (discrete) physical systems is the discrete nonlinear Schrödinger (DNLS) equation [1, 2] . DNLS has many applications in various fields of physics, both as a discretization of the continuum counterpart or in its own right as a lattice system [3, 4, 5] . Two notable applications are as models of coupled optical waveguides [6] and trapped Bose-Einstein condensates (BECs) in a strong optical lattice [7] .
As a nonintegrable system, DNLS has no exact solution. Scott and MacNeil [8] were the first to study the equation systematically and to report stationary soliton solutions. There is a vast literature on approximate solutions to DNLS equations and their stability [9, 10, 11, 12] . Variational Approximation (VA) method is frequently used in this case [13, 14] . VA reduces the infinite dimension of the problem into a finite one by introducing a trial function, usually called ansatz, that involve a finite number of parameters describing the dominant characteristics of the solution. This method is usually used for a conservative system, where the dynamics is governed by the system having a Lagrangian formulation which leads to a conserved energy. By substituting the ansatz into the Lagrangian, one will obtain an effective Lagrangian that is a function of the variational parameters introduced in the ansatz. Using Euler-Lagrange principle, the critical values of the parameters can be found by solving the associated variational equations.
Studies of discrete solitons in DNLS use an exponential function as the standard VA ansatz, see, e.g., [13, 11, 14, 15] and references therein. The function is chosen because it captures the tail behaviour and at the same time provides an effective Lagrangian with a closed form expression. Its validity is presented in [15] , where it is shown that the ansatz captures the dynamics of the original infinite dimensional system for small coupling between lattices.
On the other hand, when the coupling is strong, i.e., the continuum limit, one uses a sech ansatz that may yield an exact solution [16, 17] or a Gaussian function [18, 4] . A natural question then emerges: can we apply an ansatz that works for all coupling constant? The sech or Gaussian function will yield an intractable effective Lagrangian. However, one may employ numerical approximations to yield a semianalytical method.
Here, we consider a variational method based on a Gaussian ansatz to the 1-D DNLS equation. Even though the infinite summation in the Lagrangian cannot be evaluated to yield a closed form expression, we may approximate it using only several dominating terms in the strongly discrete case, or using an integral approximation in the large coupling case.
In this work, we report two important findings: 1) there is an interval of coupling constant in which the on-site (i.e., bond-centered) soliton is unstable, in apparent contradiction with established results [19, 11, 14] , i.e. a false instability; 2) by introducing a multiple Gaussian ansatz, we provide a remedy to the false instability. False instabilities of the variational technique perhaps were first reported in [20] . The stability issue reported in here, however, is novel as it does not belong to the case analysed in [21] , that explained false instabilities to be caused by coupling between modes. Kaup and Vogel [22] studied that Gaussian ansatz is not good only when one is interested in soliton interactions. Using the Vakhitov-Kolokolov criterion, we conclude that our instability is due to the shape of the ansatz.
The paper is organised as follows. In Section 2 we apply VA and present approximate solutions of on-site (i.e., bond-centered) and inter-site (i.e., site-centered) solitons. In Section 3 we discuss the presence of false instability and the comparison between the analytical result and the numerical computation. In Section 4 we propose a remedy for the false instability by considering a multiple Gausian ansatz and finally, in Section 5 we summarize the work.
Approximation based on Gaussian ansatz
The 1-D DNLS we consider is
where ∆ n = n+1 − 2 n + n−1 , u n is a complex-valued function of time t at site n, c is the strength of the coupling between adjacent sites which is also called as the dispersion coefficient, and ω is the propagation constant.
To study discrete solitons of the governing equation using VA, we use the ansatz
where the set of parameters X = (x k ) = (A, a, α, β, γ, n 0 ) T are functions of t. On-site and inter-site solitons correspond to n 0 = 0, 1/2, respectively. The variational equations for the dynamics of the parameters are given by (see equation (A.5) in Appendix A)
Explicit computations will yield the system of nonlinear differential equations
where M = (m jk ), j, k = 1, 2, · · · , 6, is the coefficient matrix and F (X) = (F j ) is a vector of nonlinear functions of the variational parameters. They are given in Appendix B.
Time independent solution and stability
The equilibrium of (4) corresponds to α = β = γ = 0 and the variables A and a satisfying
where φ k , ϕ k , and χ k , k = 0, 2, are given in Appendix B, evaluated at the equilibrium X (0) . Exact solutions of equation (5) can be obtained numerically using a fixed point iteration.
After a solution is obtained, we can discuss its stability. Introducing the linearisation ansatz X = X (0) + δX (1) e λt , taking a series expansion and keeping only the linear term in δ yield the generalized eigenvalue problem
where
Explicit expressions of the matrix component b jk are given in Appendix C. The matrix
A solution is stable when Re (λ) < 0 for all λ. (5) and (6) To obtain an approximate solution of equation (5), we need to approximate the factors φ k , ϕ k , and χ k , k = 0, 2, analytically. Consider, e.g.,
Approximate solution and eigenvalue of
where θ 3 is a theta function defined as [23] 
For considerably large a, the function e −4an 2 converges to zero very rapidly as |n| increases. Therefore, we may approximate φ 0 using the first few terms only, e.g.,
On the other hand, for c ≫ ω, i.e., a → 0, we use the identity
where δ(x) is Dirac delta function. Using Fourier series, the Dirac comb can be written as
Taking only the first harmonic k = 1, the function φ 0 can be approximated by
2 √ a . Figure 1 shows the comparison between φ 0 , y 1 , and y 2 , where we observe that y 1 is indeed good for large a, while y 2 is good for small a. After performing the same approximations to the remaining factors, we obtain from (5) for the on-site solitons (n 0 = 0) and large a (which holds for c ≪ ω)
where κ = e a (20e 2a −4e 4a +26e 6a +9e 10a +5e 12a +14) 10e 2a +10e 4a +4e 6a +4e 8a +e 14a +6
. At the leading order, when a ≫ 1, κ ≈ 5e −a and c ≈ ωe −a , which implies that A is well defined. For inter-site solitons (n 0 = 1/2), we obtain the approximation for large a A ≈ 16
The approximate solutions of (5) for small a can also be obtained similarly, but we will not present them here. Next, we analyse the stability of the solitons in the framework of the VA, i.e., by obtaining their approximate eigenvalue from solving equation (6) .
For the on-site case, substituting (9) into (6), we obtain a pair of critical eigenvalues as functions of A, a and c
The other eigenvalues are zero or purely imaginary. For the inter-site case, evaluating the generalized eigenvalue problem (6) at the time independent solution (10) yields a pair of critical eigenvalues please replace with the following expressions:
The other eigenvalues are also zero or purely imaginary.
Numerical comparison and false instability
To check the validity of the VA, we calculate time independent discrete solitons of (1) by solving the system numerically. We used Newton's iteration method. After a discrete soliton, let us say v n , is obtained, we determine its stability by solving the eigenvalue problem using a linearization ansatz u n (t) = v n + δǫ n (t), δ ≪ 1. By writing ǫ n = (η n + iξ n ) e λt , we obtain an eigenvalue problem
In the following, unless mentioned otherwise, we set ω = 1. the ansatz (2), we plot the VA in Fig. 2 in red star-dashed lines. As expected, one can observe that the ansatz is not good in capturing the soliton tails. We have also plotted the eigenvalues from the VA (6). In general, VA captures the qualitative stability of the discrete solitons, i.e., on-site and inter-site solitons are stable and unstable, respectively, due to the presence of an eigenvalue with positive real part. However, it is important to note that we found an unexpected result where according to VA the on-site soliton in Fig. 2(b) is unstable. This finding is in contrast with the established result, that on-site soliton is always stable for any coupling constant. We therefore observe a false instability. In the following, we will study the emergence of this unstable eigenvalue from our VA.
In Fig. 3 , we plot the eigenvalues of (6) obtained numerically for varying coupling constant c. The results are shown in blue solid lines. In Fig. 3(a) and 3(b) we plot the real and the imaginary parts of the eigenvalues, respectively. From the figures, we conclude that one of the eigenvalues move along the imaginary axis towards the origin and then bifurcates into the real axis, creating a false instability. The unstable eigenvalue exists within a finite interval of coupling constant c. In Fig. 3(a) , we also plot our analytical approximation (11) as the red dashed line, where good agreement is obtained.
Similarly for the inter-site case, we plot in Figs. 3(c) and 3(d) the real and imaginary parts of the eigenvalues obtained from solving (6) numerically as blue solid lines. We also display our approximation (12) as red dashed line, where we again obtain good agreement. As a comparison, we also plot as black dotted curve the critical eigenvalue of inter-site solitons obtained from solving the eigenvalue problem from the original system (13) .
The false instability of on-site solitons is believed to be caused by the shape of the ansatz (i.e., the tail error). To show this, we consider the dependence of the soliton power defined as
on the propagation constant ω. Using Vakhitov-Kolokolov criterion [24] , the soliton is unstable when dP dω < 0. Figure 4 shows P for varying ω when c = 1 for the on-site solitons based on the VA ansatz (2) and (5). Indeed we obtain a negative slope about ω = 1. This confirms our finding that the false instability is due to the Gaussian ansatz (2). 
Multiple Gaussian ansatz
We will solve the DNLS (1) using VA as in Section 2, but now using an ansatz containing multiple Gaussian functions,
We have 5N +1 parameters, i.e., A j , a j , α j , β j , γ j , j = 1, 2, . . . , N and n 0 , being functions of t. We will show that it gives a remedy to the false instability reported above. The idea of using several Gaussian functions in concert here has been proposed and used before in the context of spatially continuous linear or nonlinear Schrödinger equations [25, 26, 27, 18] . However, applying the idea in the context of spatially discrete equations is novel. As the calculation is cumbersome, in the following we only present the results. Figure 5 depicts the comparison of on-site and intersite solutions obtained from the numeric of time-independent DNLS (1) and multiple Gaussian VA for c = 1. The results shown are for N = 2 and N = 3, where we can see that the solution profile is getting closer to the numerical result. The results also show that by increasing the number of Gaussian functions used in the VA, the approximation provides a better capture to the soliton amplitude and tail. We also depict in Fig. 5 the corresponding spectrum of the on-site and inter-site solitons. We can see that for on-site cases, the false instability no longer exists. We can also see the remedy of the false instability using Vakhitov-Kolokolov criterion for N = 2. Figure 6 shows the plot of P for c = 1 and N = 2, where we can see that the on-site soliton is now stable for any value of ω, i.e., there is no negative slope that existed in the case of N = 1 shown in Fig. 4 .
Conclusions
We have studied time independent solutions of DNLS equation and their stability by using VA method. We have employed the ansatz containing single and multiple Gaussian functions. We have shown that the method can be used to approximate the solution of DNLS and to analyse their stability. Analytically, we approximate the solution for using a single Gaussian function, and found that for the on-site case, there is a false instability. A remedy has been provided by increasing the number of Gaussian functions used in the ansatz, confirming the fact that the instability is caused by the shape of our ansatz, which has not been reported before.
Appendix A. Variational Approximation
Following [28] , consider a discrete differential equation of the form
where u n (t) is a complex function of time and u * n is its conjugate. We write the right hand side of (A.1) into two parts: the variational part f V and the nonvariational part f N V . If the equation is conservative, then f N V = 0, and there is a Lagrangian function
that yields equation (A.1) from the relation
Let U n be the chosen ansatz containing a finite number of parameters to be determined, x j , for j = 1, 2, · · · , N, and they are functions of t. The calculation upon the substitution of the ansatz to the infinite sum (A.2) yields an effective Lagrangian L ef f , which contains the variational parameters and their derivatives with respect to t. This gives us the variational equations
which can be solved for x j 's. Now, we consider the case when f N V = 0. Recall that,
On the other hand, since the ansatz U n is assumed to satisfy equation (A.1), then
Note that in the two last equations, L is restricted to the space where the ansatz is defined. Combining them, we obtain the equation
The equivalence of equation (A.5) for spatially continuous and linear Schrödinger equations is known as the Dirac-Frenkel-MacLachlan variational principle [29, 26] (see also [30, 31] that give a near-optimality result for variational approximations in that case, by providing error bounds in terms of the distance of the exact wave function to the approximation manifold).
Appendix B.
In this section, we write equation (4) 
